We investigate monotonicity properties of p-harmonic vector bundle-valued k-forms by studying the energy-momentum tensor associated with such a form. As a consequence, we obtain a unified proof of the monotonicity formulae for p-harmonic maps and Yang-Mills connections, proving a monotonicity formula for p-Yang-Mills connections in the process. Moreover, it is shown how this technique may be adapted to yield an analogous monotonicity formula for Yang-Mills-Higgs pairs. Finally, we obtain Liouville-type theorems for such forms and Yang-Mills-Higgs pairs as an application.
Introduction
Let (M, g) be an oriented Riemannian manifold of dimension n > kp with p > 1 and k ∈ N fixed, Λ k T * M the kth exterior product bundle of the cotangent bundle of M and E → M a finite-dimensional Riemannian vector bundle with connection ∇, exterior covariant differential d ∇ and codifferential δ ∇ (see §2). A smooth section ψ : M → E ⊗ Λ k T * M is said to be p-harmonic if it is d ∇ -closed, i.e.
and p-coclosed, i.e.
These equations have been studied by countless others in the case where E = M × R → M and ψ = d ∇ v (cf. [3] and the references therein). Besides considering them for their own sake, geometric variational problems such as p-harmonic maps and Yang-Mills theory may be recast in this form (see §2); for the former, monotonicity formulae have been established by Schoen and Uhlenbeck [14] and Hardt and Lin [5] , and for the latter by Price [13] . These formulae are special cases of the following theorem, which was established by Karcher and Wood [7] in the case p = 2. Theorem 1.1. Let ψ : M → E ⊗Λ k T * M be a p-harmonic section, x 0 ∈ M , i 0 the injectivity radius at x 0 and dvol g the volume form of (M, g). There exists a constant Λ ≥ 0 depending on the geometry of B i0 (x 0 ) such that the identity The purpose of this note is to establish this theorem by exploiting a divergence identity arising from the so-called energy-momentum tensor associated to the integrand, thus reproving the now well-known monotonicity formulae mentioned earlier as well as proving new ones for p-Yang-Mills connections and, by suitably modifying our setup, Yang-Mills-Higgs pairs. This approach was motivated by a paper of Alikakos [1] where an energy-momentum tensor was used to establish a monotonicity formula for a certain semilinear elliptic system in R n . The tensor itself, however, is of independent interest, playing a major role in the theory of relativity [10] and having been studied in the context of harmonic maps by Eells and Baird [2] and various others. In a forthcoming paper, it shall be shown how this identity may be used to establish local monotonicity formulae for related geometric flows.
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Geometric setup and problems of note
We begin by giving the geometric setup underlying this paper, fixing notation in the process. As a rule, we follow the conventions of [12] .
As in the introduction, we shall assume that (M n , g) is an oriented Riemannian manifold of dimension greater than kp (p > 1 and k ∈ N fixed) with volume form dvol g and furthermore write T M for its tangent bundle, T * M for its cotangent bundle, Λ k T * M for the kth exterior product bundle of T * M and (ΛT * M, ∧) for the exterior algebra bundle of T * M with wedge product ∧; all of these bundles naturally admit Riemannian metrics induced by that on T M . Moreover, we suppose E → M is a finite-dimensional Riemannian vector bundle equipped with a connection ∇ and write ·, · for the Riemannian metric on E and, more generally, for the metrics canonically induced on bundles 'naturally' constructed from E and T M , writing | · | for the associated norm in all cases and ∇ for any connection naturally induced by the connection on E and the Levi-Civita connection on T M . With these conventions, ∇ is compatible with all of the inner products ·, · to be considered in this paper. If E 0 → M is any vector bundle, we write Γ(E 0 ) for the C ∞ (M )-module of all smooth sections of E 0 . Throughout this paper, we work in the smooth category.
Associated to ∇ is the so-called exterior covariant derivative
for T M , which arises as the adjoint to d ∇ with respect to the canonical L 2 -inner product associated to ·, · acting on compactly supported
Since all of these operators are local, we shall freely apply them to local sections.
We now proceed to mention a few examples of systems that may be written in the form (1)-(2). (1)- (2) define a p-harmonic k-form ψ ∈ Γ(Λ k T * M ); such forms arise as solutions to the variational problem
considered over the class of all closed k-forms ω on which this integral is finite. ∇ du = 0 holds for all u as a consequence of the connection on T N being torsionfree. On the other hand, if ψ satisfies (2), u is said to be a p-harmonic map (simply a harmonic map when p = 2). These maps arise as solutions to the variational problem
considered over the class of all smooth maps v : M → N on which this integral is finite.
Example 2.3 (k = 2: p-Yang-Mills connections [8] ). Suppose G → P → M is a principal fibre bundle with compact connected semi-simple structure group G with Lie algebra g and write E for the vector bundle associated to P and the adjoint representation of G on g. Minus the Killing form induces a Riemannian metric ·, · on E; moreover, given a connection ω on P , realised here as a g-valued one-form on P , there is a natural associated connection ∇ on E which is compatible with ·, · . Writing
for the curvature two-form associated to ω, we say that ω is a p-Yang-Mills connection (simply a Yang-Mills connection when p = 2) if ψ solves (2) . Similarly to the preceding example, ψ satisfies (1) for all ω, the statement of which is known as the Bianchi identity. Such connections arise as solutions to the variational problem
considered over the class of all connections ξ on P on which this integral is finite.
Common to all of the above examples is an energy of the form 1 p M |ψ| p dvol g , thus suggesting that a closer study of the integrand might be fruitful. We henceforth assume that p > 1 is fixed and write e g (ψ) = 1 p |ψ| p for the energy density, explicitly indicating the metric g and vector bundle-valued form ψ ∈ Γ(E ⊗ Λ k T * M ) to be assumed given in all of the discussions to follow and, whenever necessary, explicitly indicating the dependence of the inner product on E ⊗ ΛT * M on the metric g by writing it as ·, · g .
The energy-momentum tensor
We now proceed to investigate the dependence of the energy density e g (ψ) on the metric g. Throughout this section we make use of the canonical bilinear pairing E ⊗ ΛT * M × ΛT M → E, also known as 'evaluating bundle-valued forms on vectors,' which we write simply as (·, ·). Moreover, we write
is a local frame for T * M . We always understand sums over multi-indices J to be over increasing multi-indices and write J l for J whenever necessary. We begin with a proposition stating how the energy density, considered as an n-form, varies with g.
for all x ∈ M whenever {g(t) ∈ Γ(T * M ⊗ T * M )} t∈]−ε,ε[ is a smooth one-parameter family of metrics with g(0) p = g p and
Proof. On the one hand, it is clear that
for all x ∈ M for, computing in a coördinate neighbourhood and writing g ij and h ij (i, j ∈ {1, . . . , n}) for the components of g and h so that dvol g = det(g ij )dx, we have
On the other hand, by the equality
the result follows from
To establish (4), we fix a local g-orthonormal frame {ε i } for T M with dual coframe {ω i } for T * M and note that
where g * (t) is the metric on T * M induced by g(t), and
where · denotes omission, whence, noting that ω i1.
The inner sum is invariant under permutations of I and J, i.e. under I → σ(I), J → τ (J) for any σ, τ : {1, . . . , k} → {1, . . . , k} bijective. We proceed with this in mind:
Now, interchanging sums and fixing r, s, we note that the inner summand may be written as, writing σ(I) = (i r , i 1 , . . . , i r , . . . , i k ) and τ (J) = (j s , j 1 , . . . , j s , . . . , j k ),
where we have made a change of variables. Noting now that this expression does not depend on r and s so that, summing over r and s, we obtain k 2 of these sums and, treating i 1 and j 1 as separate variables from the other i · and j · , we proceed from (5), rewriting the outer sum in terms of increasing multi-indices, to obtain
which is independent of the choice of frame.
We call T g ψ the energy-momentum tensor associated to e g (ψ). In [1] , Alikakos considered the system ∆u − ∇W (u) = 0 (6) for u ∈ C 2 (R n , R n ) and W ∈ C 2 (R n , R + ), which is naturally associated to the energy
there, the energy-momentum tensor is
which was shown to enjoy the property div T = 0 that ultimately led to a monotonicity formula. This suggests that computing the divergence of T g ψ should lead to something useful.
Proof. We compute in a local orthonormal frame adapted at x ∈ M , evaluating all of the following functions at x:
Now, we note that
Expanding the sum over q out and keeping track of signs when permuting the basis vectors, we rewrite the last sum (omitting the combinatorial factor) as 
where the indices were relabeled in the second last line. Thus (7) reduces to
The result follows, since the latter term cancels out the unwanted term in the expression for div T g ψ above.
We therefore see that the following conservation law for p-harmonic k-forms may be read off this formula. In a sense, the energy-momentum tensor is thought to contain information about how p-harmonic vector bundle-valued k-forms scale. In [1] , for example, the integral of the divergence of T g ψ contracted with the radial vector field x → i
n yields an expression that coïncides with what is usually obtained after scaling the integrand of the localised average Dirichlet energy associated to the equation and differentiating. In order to make use of this technique more generally, we compute the divergence of the energy-momentum tensor contracted with an arbitrary (local) vector field, henceforth to be interpreted as a 'scaling direction.' The following proposition, a general product rule formula, shall be made use of in the sequel.
where (·) ♭ : T M → T * M is the 'musical isomorphism' induced by g and ι X denotes the interior product associated to X acting on Γ( T * U ) by 'fixing the first entry.'
We again compute in a local orthonormal frame adapted at x so that, at x,
where we used the symmetry of S in the last step.
Monotonicity formulae
We now make use of the identities of the preceding section to derive monotonicity formulae for p-harmonic k-forms. To this end, fix x 0 ∈ M , write i 0 for the injectivity radius at x 0 and r = d(x 0 , ·) for the distance function measured from x 0 . Decomposing the metric g as
, we note the local geometry estimate (in the sense of bilinear forms) 
Theorem 4.1 (Monotonicity formula
holds for all R ∈ ]0, i 0 [. In particular, if ψ is p-harmonic, then there exists a constant Λ ≥ 0 depending on the geometry of M in B i0 (x 0 ) such that
2 . In particular, if M = H n −κ 2 , then this inequality holds for all R > 0 with Λ = 0.
whence, by Gauß' theorem,
which may be rearranged as
By the coarea formula,
e g (ψ)dS which, together with (13), implies (9) . Now suppose that ψ is p-harmonic so that div T g ψ = 0 by Corollary 3.3. Assuming the local geometry estimate (8) , it is clear that
on B R (x 0 ), where for α ∈ R we write α − = min{α, 0}. Thus, setting Λ = −
Multiplying through by the integrating factor e ΛR 2 then implies (10). Finally, for the case where M = H n −κ 2 , we note that the case κ = 0 follows from the preceding computations with Λ = Λ = 0, whereas the case κ > 0 follows from an explicit computation, namely by noting that
but 1 − κr coth(κr) ≤ 0 for all r > 0 and kp − (n − 1) ≤ 0 so that this expression is nonnegative, whence the final claim follows from (9).
Besides implying a monotonicity formula for p-harmonic bundle-valued k-forms, Propositions 3.2 and 3.4 also yields a monotonicity formula for bundle-valued k-forms with suitably controlled 'inhomogeneities' as indicated in the following theorem which should be compared to [15, §4.3] and [16, Theorem 3.2] .
Using the Cauchy-Schwarz inequality, it is clear that
whenever r < R, whence an application of Young's inequality yields
Therefore, this together with the identity (9) and geometry bounds (8) implies that d dR
Thus, noting that Vol(B R (x 0 )) = O(R n ) as R ց 0 and multiplying through by the integrating factor e ΛR This theorem applies e.g. if one replaces the p-coclosed condition on ψ in Examples 2.2 and 2.3 with an equation of the form δ ∇ (|ψ| p−2 ψ) = Q, where Q is some bounded form (cf. [16] ).
The Yang-Mills-Higgs system
We now turn our attention to a system not cast in the form (1)- (2), but which is in some sense a coupling of Example 2.3 and the semilinear elliptic system (6)-the Yang-Mills-Higgs system (cf. e.g. [6] )-to which the techniques developed here readily lend themselves. To this end, assume the setup of Example 2.3 and let ρ : G → GL(V ) be a representation of G on the R-vector space V which is assumed to be equipped with a ρ-invariant inner product ·, · . Together with the data of P , (V, ·, · ) and ρ give rise to a vector bundle E 0 admitting a connection ∇ 0 (induced by a connection ω on P ) compatible with ·, · . A pair (ω, u) consisting of a connection ω on P and a section u ∈ Γ(E 0 ) is then said to be a Yang-Mills-Higgs pair with (symmetric) potential W ∈ C ∞ (R, [0, ∞[) whenever the equations
are satisfied, where ⊙ :
for all X ∈ Γ(E) and e 1 , e 2 ∈ Γ(E 0 ), where · is the natural action of E on E 0 induced by the derivative of ρ at the identity of G, and extended to the rest of E 0 × E 0 ⊗ ΛT * M such that for all η ∈ Γ(ΛT * M ) and e 1 , e 2 ∈ Γ(E 0 ), e 1 ⊙ (e 2 ⊗ η) = (e 1 ⊙ e 2 ) ⊗ η. These equations arise from the variational problem
considered over the class of all connections ξ on P and sections v ∈ Γ(E 0 ) on which this integral is finite. Now, suppose ω is an arbitrary connection on P and u an arbitrary section of E 0 . In this case, the energy density to consider is
Computing exactly as in Propositions 3.1 and 3.2, we are led to the energy-momentum tensor
expressed in any local frame {ε i } ↔ {ω i }, and the expression e g (ω, u)dvol g = o(R n−4 ) as R → ∞, then ω is flat and u is parallel with respect to ∇ 0 . Thus, for an appropriate global section σ : M → P , σ * ω = 0 and u may be represented as a constant function on M relative to the trivialization of E 0 induced by σ.
Proof. The first claim follows from e g (ω, u) = 0, which is established exactly as in the preceding theorem, and the latter from [9, Corollary 9.2], since the simply-connectedness of R n + and Ω ω ≡ 0 imply that there exists a global section σ : M → P of P such that σ * ω = 0, whence d ∇ reduces to the usual exterior derivative (acting on vector-valued differential forms) when considered in the trivialisation of E 0 induced by σ so that u may be represented by a constant function relative to this trivialisation.
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